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Abstract 

In this paper, we use the theory of simplicial groups to develop 
the Schur multiplier of a pair of groups {G, N) to the Baer invariant 
of it, VM{G,N), with respect to an arbitrary variety V. Moreover, 
we present among other things some behaviors of Baer invariants of 
a pair of groups with respect to the free product and the direct limit. 
Finally we prove that the nilpotent multiplier of a pair of groups does 
commute with the free product of finite groups of mutually coprime 
orders. 
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1 Introduction and motivation 



Schur (1904), introduced the Schur multiplier of a group G, M[G), by Pro- 
jective representations of G which the second integral homology group of G. 
The second homology plays the special role, this led H. Hopf (1942), to find 
an effective method for calculating it. Hopf 's integral homology formula is 
identical to the Schur multiplier of a finitely presented group. R. Baer (1945) 
using the variety of groups, generalized the notion of the Schur multiplier of 
a group G to the Baer invariant of it with respect to a variety V, VM{G). 

In the present section, we outline the topological interpretations of the 
Schur multiplier and the Schur multiplier of a pair of groups, and a mo- 
tivation to define the Baer invariant of a pair of groups with topological 
approach. Proofs, requiring the theory of simplicial groups, deferred to Sec- 
tion 2. Section 3 is devoted to the results that obtained from the long exact 
sequence of the Baer invariant of a pair of groups. Also we show that our 
definition of the Baer invariant of a pair of groups is a vast generalization of 
the Baer invariant of a special pair of groups which was defined by Moghad- 
dam, Salemkar and Saany (2007). At the end of Section 3, we show that 
the Baer invariant of a pair of groups commutes with the direct limit. Also 
we obtain a long exact sequence that contains the Schur multiplier and the 
2-nilpotent multiplier of a pair of groups. Computation of the Baer invariant 
of a pair of free products of groups is given in Section 4. Also in this section, 
we present an explicit formula for the 2-nilpotent multiplier of a pair of free 
products of groups. 

As convention, throughout the article we use V as an arbitrary variety 
of groups defined by a set of laws V. We note that for any group G one 
can construct functorially a free simplicial group K,, called free simplicial 
resolution of G, whose 'Ko{K ) = G, 'Kjn{K) = for m > 1, with is free 
group (see Duskin, 1975). Given a functor T : (Groups) — >• (Groups) we 
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define left derived functors as 



Ll{G)^7rm{TiK,)), m>Q. 

The groups L^{G) are independent of the choice of the free simphcial reso- 
lution. For more details see for instance Inassaridze (1974). 

The topological interpretation of the c-nilpotent multiplier of a group 
arose in the work of Burns and EUis (1997), on the 2-nilpotent multiplier of 
the free product of groups. Burns and EUis (1997) observed that there are 
natural isomorphisms 

— ^-LS=(G)-7ro(— ^) 



7c+i(G) ' "^7c+i(i^.)' 

M(^)(G)-L-(G)-7ri(— ^), 

where K, is a free simplicial resolution of G and Tc is the functor that sends 
G to G /'^c+i{G). In Franco (1998), described the Baer invariant of a group 
G in topological language as follows: 



VM{G)^Ll^{G)^7ri{ ^ 



where K, is a free simplicial resolution of G and tv is the functor that sends 
G to G/V{G) . 

A group G with a normal subgroup denoted by (G, A^) is called a 
homomorphism of pairs (G'i,A^i) {G21N2) is a group homomorphism 
Gi G2 that sends A"! into A^2- 

Ellis (1998), introduced the Schur multiplier of a pair {G,N) as a func- 
torial abelian group M{G, N) whose feature is the following natural exact 
sequence 



^ M{G, N) M{G) ^ M( ^ 



(1.1) 



The natural epimorphism G ^ G/N implies the following exact sequence 
of free simplicial groups 



1 ker(Q;) ^ X A L. ^ 1, 

where K, and L. are free simplicial resolution of G and G/N, respectively 
(see Franco, 1998). The short exact sequence of simplicial groups 

gives rise a long exact sequence of homotopy groups as follows: 

a \ . ^ f K. \ f L. \ 



Franco (1998), proved that 7ro(ker-^7^) = [jVT/*G] " Using some isomorphisms 
we can rewrite the above long exact sequence as follows: 



^ 7ri(ker ^) ^ VM{G)^VM{G /N) 



^„ 1-3) 

[NV*G] ~^ V{G)^V{G/N) ~^ " 



Indeed Franco obtained the Frohlich long exact sequence independent of the 
method of Frohlich (1963). 

Now, we define the Baer invariant of a pair of groups (G, N) as follows: 

VM(G,iV) =7ri(ker(:^)). 

2 Preliminaries and notation 

In this section we recall some basic notations and properties of simplicial 
groups which will be needed in the sequel. We refer the reader to Curtis 
(1971) or Georss and Jardine (1999) for further details. 



4 



Definition 2.1. A simplicial set is a sequence of sets Kq^ Ki, K2, ... to- 
gether with maps di : — >■ -f^n-i (faces) and Sj : — >■ K„+i (degeneracies), 
for each < i < n, such that the following conditions hold: 



djdi 



SjSi 



djSi 



= < 



di^idj for j < i 

Si+iSj for j < i 

Si-idj for j < i; 

identity ior j — i,i + 1; 

Sidj-i for J > i + 1. 



A simplicial map / : X — > L. is a sequence of functions /„ : — > Ln, with 
the following commutative diagram 



Kn+i <- 

fn+l 



in 



fn- 



di 



> L 



n-l 



Like topological spaces, the homotopy groups of simplicial sets is defined. 
The category of simplicial sets and topological spaces can be related by two 
functors as follows: 

• The geometric realization, | — |, is the functor from the category of 
simphcial sets to the category of CW complexes. 

• The singular simplicial, 5'*(— ), is the functor from the category of topo- 
logical spaces to the category of simphcial sets. 

A simplicial set K is called a simplicial group if each Ki is group and 
all faces and degeneracies are homomorphisms. There is a basic property of 
simplicial groups which due to Moore (1954-55) its homotopy groups 7r*(G.) 
can be obtained as the 'homology of a certain chain complex {NG, d). 
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Definition 2.2. If X is a simplicial group, then the Moore complex {NK^, d) 
of X is the (nonabehan) chain complex defined by {NK)^ — H^I^Kerdi with 
dn ■ NKn — >■ NKn-i which is the restriction of 

A simphcial group K is said to be free if each Kn is a free group and 
degeneracy homomorphisms Sj's send the free basis of Kn into the free basis 

of Kn+l. 

Theorem 2.3. (see Curtis, (1971)). 

1. For every simplicial group K the homotopy group -KniK) is abelian 
even for n — 1. 

2. Every epimorphism between simplicial groups is a fibration. 

3. Let K be a simplicial group, then Tr^{K) = H^{NK). 

4. Hn{N{K, L. )) ^ Hn{N{K) ® N{L)). 

3 Some properties of the Baer invariant of a 
pair of groups 

In this section we study some behaviors of the Baer invariant of a pair of 
groups. Let / : (Gi, iVi) — )■ (G2, -^2) be a homomorphism of pairs of groups, 
then functorial property of free simphcial resolution yields the following di- 
agram of free simplicial groups 

ker(Q;i) > Ki > Li 

ker(Q;2) > K2 > L2 , 
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where Ki and Lj are the corresponding free simphcial resolution of Gi,Gi/Ni, 
respectively. Therefore we have the following commutative diagram 

kerai/r(«i) > Ki/V{Ki) ^lIX^ Ly/V{Li) 



keia,/V{a,) > KJV{K.,) ^^^^ LJV{L.,). 

By the above diagram we have VTi (7) : tti ( ker — )■ 7ri(kera2/^(tt2))- 
Indeed, we can state the following theorem. 

Theorem 3.1. The Baer invariant of a pair of groups is a functor from the 
category of pairs of groups to the category of abelian groups. 

The long exact sequence of (11.31) implies the following theorems. 

Theorem 3.2. The Baer invariant of a group is a special case of the Baer 
invariant a pair of groups i.e. VM{G, G) = VM{G). Thus for a cyclic group 
C and a free group F we have VM{C, C) = 1 = VM{F, F). Also VM{G, 1) 
is a trivial group. 

Theorem 3.3. Let G be the semi- direct product of N byQ. Then VM{G, N) = 
ker (VM(G) ^ VM{G/N)) and VM{G) = VM{G, N) © VM(Q). 

Proof. The hypothesis implies that the exact sequence (11. 2p splits and hence 
the result holds. □ 

The above theorem shows that if G is the semi-direct product of by Q, 
then the Baer invariant of {G, N) can be described in presentation of groups 
as follows. 

Corollary 3.4. Let G = F/R be a free presentation of G and N = S/R be 

a nomal subgroup of G which has a complement in G, then 
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Note that the above corollary shows that our definition of the Baer in- 
variant of a pair of groups is a vast generalization of the one by Moghaddam, 
Salemkar and Saany (2007). 

Theorem 3.5. Suppose that M and N are two subgroups of a group G such 
that M = MN , then there exists the following isomorphism 

VM{MN, N) ^ VM(M, MnN). 

Proof. By the second isomorphism theorem we have = jj^- Let K 
and L be the free simplicial groups corresponding to MN and MN/N, re- 
spectively. Because of the functorial property of free simplicial resolution 
corresponding to each group, we conclude that K and L are also simplicial 
groups corresponding to M and j^^, respectively. Hence by the definition 
the result holds. □ 

Using the exact sequence (1.3) and the structure of its sixth term given 
by Eckmann, Hilton, and Stammbach (1972) and Lue (1976), when N is a, 
central and an A/'c-central subgroup of G, respectively, we have the following 
theorem. 

Theorem 3.6. Let N be a central subgroup of G then M{G, N) = G"^ O N. 
Also, if N is an Nc-central subgroup of G, then M^'^^G, N) N <^ ^^-^ (g) 

■ ■ ■ ® 7^ ^^^^ ^ ^^P^^^ °f iSg) 



Theorem 3.7. Let {(Gj, A'j)}jg/ he a given direct system of pairs of groups 
with the directed index set I, then VM(lin^Gj, lii^ A^j) = lin^ VM(Gj, iVj). 

Proof. For any i & I, let Ki and Lj be the corresponding free simplicial 
resolutions of Gi and Gi/Ni, respectively. Assume that : Li is the 

corresponding epimorphism of simplicial groups. Thus we can consider the 
following exact sequence of simplicial groups. 

1 ^ ker(-^) ^ ^ 1 



Vasagh, Mirebrahimi and Mashayekhy proved that li^7r„(irj ) = 7r„(lii]^i^i ), 
where Ki is a simphcial group. Hence Ij^Ki and lir^Lj are simphcial 
groups corresponding to lir^Gj and hn^ Gj/Nj, respectively, and we have the 
following exact sequence: 



1 ^ ker ( Ji¥^) ^ W^^-^ "(i:^'^'^) ^H^^-^ ^ 1 
V(lii^K))^ y(lii^(i^O) V{li^ih,)) 



Since the functor — ) has right adjoint, ^^{v(k~^) — v(^k ) • "^^^ 
that direct limit preserve the exact sequence yields the following commutative 
diagrams 

J, J' J' 

Five Lemma implies that lin^(ker(:^7^)) = ker lii^(:^7^). Also the ho- 
motopy groups of simphcial groups commute with direct limits (See Vasagh, 
Mirebrahimi and Mashayekhy), hence we have 

VM(lii^ Gi, In^ Ni) = TTi ( ker lii^(— ^)) 
-7ri(ln^(ker(:^))) -lii^VM(G,,iV,). 

□ 

Let G be a group and A?" be a normal subgroup of it, and consider K 
and L. as the free simphcial resolutions corresponding to G and G/N, re- 
spectively. The simphcial epimorphism a : X — > L gives rise epimorphisms 
an : K,/^n{K,) L./7„(L.) and /3„ : 7„(A:.)/7„+i(A:.) 7„(L.)/7„+i(L.) 
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which induce the following commutative diagram: 



1 1 1 

■\. ^ ^ 

1 ^ ker(/3„) ^ ^ ^ 1 

J, ,|, ,|, 

1 ker(a„+i) — ^nrr — ^rrr 1 (3-1) 

J, 4' J' 

1 ^ ker(a„) -> ^ ^ 1 

^ 4' 4' 

1 1 1 

Since /3„ is an epimorphism so is ker(a„+i) — )■ ker(Q;„). Since every epimor- 
phism of simplicial groups is a fiberation, the left column exact sequence 
induces the following long exact sequence of homotopy groups 

• ■ ■ ^ TTi ( ker(/3„)) vri ( ker(a„+i)) tti ( ker(a„)) 

7ro(ker(/3„)) 7ro( ker(a„+i)) 7ro(ker(a„)) 1. 

Using some isomorphisms we can rewrite the above sequence as the following 
long exact sequence: 

••• ^7ri(ker(/3„)) ^MW(G,iV)^M("-i)(G,iV) 
^ 7ro(ker(/3„)) ^ ^ ^ 1. 

Now for n = 2, we discuss on the long exact sequence (13.21) . First in the 
following lemma, we concentrate on ker(/32) which gives a relation between 
exterior product of a group and its quotient. 

Lemma 3.8. Let {G, N) be a pair of group, then we have the following exact 
sequence of groups 

N N N C C C 
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Proof. It is known that if F is a free group, then 72 (-F) /73(F) is a free abehan 
group which is isomorphic to A F"^. Hence computing the ranks of the 
terms of the first row exact sequence of commutative diagram (13 .ip imphes 
that 

ker(/32) = (ker(a2) A ker(a2)) © (ker(a2) ® L'^''). 

This row exact sequence yields the following long exact sequence of homotopy 
groups as follows: 

••• ^ 7ri(ker(/32) ^ ni{K'^^ A K"'') ^ 7ii{L'''' A L"'') 

7ro(ker(/32) ^ ^K"^ A K^^) 7io{L^^ A L"^) 1. 
Since 72(L )/73(L ) is a free abelian group so every right term of above long 
exact sequence splits. Burns and Ellis, (1997) showed that 

TToiK"'' A K'^^) ^ G"^ A 

Also we have 

tiq{K''^ ® K"^) = Ho {NiK"^ ® K''^)) {by Theorem EJ® ) 

^ Ho {N{K'^^) ® N{K'^^)) {by T/ieorem EJ®) 

^ Ho {N{K'^^)) ® Ho {N{K''^)) {by Runneth formula) 
= no{K'^^) ® 7io{K^'') (by Theorem^;^) 

^ G"^ (g) 

Therefore we have 

7ro(ker(/32)) = (^ttq ( ker(a2)) A 7ro(ker(a2))) © ttq ( ker(a2) ® ^"^) 

□ 

Theorem 3.9. For each group G and a normal subgroup N, there exists a 
functorial group V{G, N) which fits into the following natural exact sequence 

V{G, N) © Tor(p^, f ) © (M«(G, N) © {^f") © (p^ © M«(f )) 
^ M(2) (G, N) ^ M(i) {G,N)^jj^Ajj^^®jj^^^{§r 

^ 73 (G,iV) ^ [G,iV] ^ 
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Proof. It sufficient to compute tti ( ker(/32)) and replace it in the long exact 
sequence fl3.2p . Similar to the proof of the above lemma the Kiinneth formula 
implies that 



7ri(ker(/32)) = tti ( ker(a2) A ker(a2)) © ^Ti (^A^( ker(a2)) © iV(L' 
= TTi ( ker(a2) A ker(a2)) © M(G, A^) © (f )'^'' 



The group V{G, N) is defined as an abelian group tti ( ker(a;2) Aker(Q;2)). □ 

Note that if we put = G in the above theorem, then we have the 
natural exact sequence which is proved in Burns and Ellis (1997). 

4 The Baer invariant of a pair of the free 
product of groups 

In this section we study the behavior of the Baer invariant of a pair of the free 
product of groups. For i = 1,2, assume that : Ki — )■ Lj are epimorphisms, 
where Ki and Li are free simplicial resolutions corresponding to Gi and 
Gi/Ni, respectively. Van-Kampen theorem for simplicial groups implies that 
Ki * K2 and Li * L2 are the free simplicial groups corresponding to Gi * 
G2 and (Gi/Ni * G2/N2) = (jv-^^*)6i*62 ; respectively. So we can consider 
P = ai * 0:2 as the corresponding epimorphism from Ki * K2 onto Li * L2 
(see Burns and Ellis, 1997). 

Consider the following exact sequences of simplicial groups 

1 V 1 ( nit \\ . ax/V(ai) Li 

1 ^ ker (a,/nai)) ^ ^ V^lT) 

1 ^ ker («2m«2)) -> ^ nlO^'' 
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1 ^ ker (/^/m) ^ ^(^^^ ^ V^TTl^^^- ^^-^^ 

Therefore we have the following commutative diagram 

11 1 

ill 

1 kerf©) — ^ kcr(c/Jv) kcr(i/'v) — ^ 1 

1 ^ kor{.j7^) ^ V(gi *K2 ) ^ V(Li .J^a ) ^ (4.2) 

w I i vv I i'v I 

ai 09 .f^l ^2 ("li"2) .'^l .^^2 

1 -* kor(-5^) X ker(,;^) ^ X -5,^^ ^ X ^ 1 

11 1 

Definition of ipv implies that (pv\ is an epimorphism, and the epimorphism 
ipv\ yields the epimorphism 6. Since every epimorphism of simplicial groups 
is a fiberation, the left column exact sequence of (14.21) induces the following 
long exact sequence of abelian groups 

>TT„, ((ker(0)) ^ 7r„, ( ker ^ vr, ( ker ,^^) ©7r„ ( ker ,^^) -> ■ ■ 

(4.3) 

Consider the natural homomorphisms Li : Ki /V{Ki ) — )■ Ki *K2 /V{Ki * K2 ) 
for i = 1,2. Since TCn{Ki /V{Ki )) © 7r„(fr2./^(-^2.)) is a coproduct in the 
category of abelian groups for all n > 0, there exists 

Svn-7^n{K,jV{K,,))(B7r4K2,/V{K2,)) ->vr„(iri. * K2,/V{Ki,*K2,)) 

such that ipvn ° 7rn(^y) = "^c?- Similarly we have 

n:LjV{U)^Li,* L2,IV{U * L2.), 

for i = 1,2, therefore there exists 

avn ■ 7r„(Li./V(Li.)) © 7r„(L2./r(L2.)) ^ 7r„(Li. * L2./r(Li. * L2,)) 

such that ipVn ° ^n(c"y) = "^c?- 
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The following commutative diagram 



Ki *K2, Li *L2 _^ 



V{Ki*K2,) V{Li*L2,) 

t t 

Ki ai L. 



^ ^ ^ 1 



V{KO V(L,) 

gives rise Li\ : ker {oLi/V{ai)) — > ker (/3/V"(/3)). Similarly there exists 

7] : 7r„(ker © 7r„(ker (a2/V^(«2))) ^ vr„(ker {(3/V{(3)) 

such that V^y|„ ° 7r„(5y|) = irf. 

Consequently, for all n > 0, the exact sequence of (14.31) splits, therefore 

7r4ker(^^)) ©7r„(ker^^) ©vr„(ker:^) = vr„(ker^). (4.4) 

For n = 1, using some isomorphisms, we can rewrite (14. 4p as follows: 

VM(Gi * G2, (A^i * N2f^*^^) = VM{Gi,Ni) © VM{G2, N2) © D, 

where D is defined as an abelian group 7ri(ker(^)). 

Now by the above notations we are in a position to state and prove the 
following theorem. 

Theorem 4.1. Let {Gi, Ni) be pairs of groups for i = 1,2, then 

(i) MiGi*G2,{Ni*N2)'^'*^'') ^ MiGi,N^)®MiG2,N2). 

(ii) M^^\Gi*G2,{Ni*N2f'*^'') ^ M(2)(Gi,iVi) ©M(2)(G2,Ar2) 

©M(Gi,iVi)©p^ 

©M(G'2,iV2^^^^ 



©M(^) ^ 



N2^ ^ [Ni,Gi] 
^^(2x)ab^M{G2,N2) 

^{Q2.)ab^M{Gr,N,) 

'^'y[Ni,Gi]^ [N2,G2]^ 

5^«K(S)'^^pv&TT)• 
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Proof, (i) Let V be the variety of abelian groups. We have [Ki * K2 = 
Kf' © since Ki and K2 are free groups. Hence in we have (14.1 p 
ker (/3/72(/3)) — ker (a;i/72(a;i)) © ker (Q;2/72(tt2)) • Therefore the exact se- 
quence f l4.4p imphes that 

M{Gi * ^2, (iVi * iV2)^i*^^) = vri^ker (/3/72(/3))) 

= TTiJ^ker (ai/72(ai))) © TTiJ^ker (a2/72(a2))) • 

(ii) Let V be the variety of nilpotent groups of class at most 2. Burns 
and Elhs (1997) proved the isomorphisms \iei{(p) = {Ki © {K2 and 
ker(V') = {L,r'®{L2r'- Hence we have ker (^/73(^)) = ker(:^©:^). 

Since (Ki )"-^ © (1^2.)'*^ and (Li © (-^^2,)"^ are free abehan simphcial 
groups, by computing the ranks of free abehan groups in an exact sequence, 
we can obtain ker (6^/73 (6*)), as foUows: 

ker(^^ © ^ ker(^^) © ker (^S) 

^72(01) 72(02)^ ^72(01)'' V72(02)' 

©-^ ©ker(^2.^) 

72(^1.) ^72(02)'^ 

©ker(^^) © 

^72(01)^ 72(^2.)- 

Now we compute the fundamental group of ker( ^^"^^^ © t^^^)- First we 
obtain tti ^ker( ^_^"^^^ ) © ker( ^^°^_^-^ ) j in more details. By Theorem 12.31 fl3|) we 
must obtain Hi {N{ ker(:^^) ©ker(;:^^))) . Theorem O (g]) and Kiinneth 
formula imply that 

^1 ( ker(:^) ® ker(^)) = ( ker(:^)) © ( ker(^)) 

®^o(ker(:^))©7ri(ker(^)) 
©Tor (vro( ker (:^)),7ro(ker(:^; 

-M(Gi,iVO©p^ 
©p^©M(G2,iV2) 
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Similarly we have 



-i(:^®ker(^)) = ® 

©(gL)a6^M(G'2,iV2) 



Also 



©(f )-''®M(G'i,iVi) 

Now by replacing the above isomorphisms in (14. 4p . we conclude the following 
isomorphism: 

M(2)(Gi * G2, (A^i * N^f'*^^) = M^^\Gi,Ni) © M(2)(G2, A^a) 



[Afi.Gi 



©M(G2,Ar2) 

©(|^)«''©M(G2,Ar2) 
©(f )«''©M(Gi,Ari) 



□ 



Remark 4.2. Theorems 4.1 and 3.2 imply that M{Gi * G2) = M{Gi) © 
M{G2) and M^'^\G*H) = K-P {G) ® M"^ {H) ® M {G) ® H"'' ® G""^ ® M {H) ® 
Tor{G°'^, H"''') which are proved by Miller (1952), and by Burns and Ellis 
(1997), respectively. Also note that the part (z) of the above theorem is 
proved by Mirebrahimi and Mashayekhy. 
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Now we intend to compute M(^)(Gi * G2, (A^i * A^2)'^'*'^'), for all c > 1, 
with some conditions. 

Theorem 4.3. Let {Gi, Ni) be pairs of groups for i = 1,2 such that Gi/Ni 
and G2/N2 satisfy in the following conditions: 

Also, let for Gi and G2 the following conditions hold: 

Gf ® Gf = M^^\Gi) Gf = M^^\G2) 8) Gf = ror(Gf ,6"^ ) = 0. 

Then for all c> 1, we have the following isomorphism: 

M(^)(Gi * G2, (iVi * N2f'*^') = M^'\Gi,Ni)®M^''\G2,N2). 

Proof. Consider the assumption, like the beginning of the section and let V 
be variety of nilpotent groups of class at most c, also we note ip^^ by and 
by ipc in briefly. 

The commutative diagram (14.21) implies the following commutative dia- 
gram: 

■K2 (ker Ipc.) — *■ ^1 (kcr 0) 

I i 

^2( TT^ — -TT^ — 7) ~^ 7ri(ker( — rTar)) 

i i 
The assumption 

Gf ® Gf = M^^\Gi) ® Gf = M^^\G2) ® Gf = Tor{Gf, Gf) = 

implies that 7ri(ker<^c) is a trivial group (See Vasagh, Mirebrahimi and 
Mashayekhy). Now like Vasagh, Mirebrahimi and Mashayekhy, by induction 
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7Vl ( 



TV I (kcr ipc) 



r) 



i 

— T-n^ — t) ^ ^\ ( — 7-^ — 7) 



(4.5) 



on c we prove that the other assumptions yield that 7r2(ker('?/'c)) is trivial. 
Note that ker ip^ satisfies in the following exact sequence 

[-^^1 , L2 ,c-2 F]^ 11-11 1 

1 • • ^ ^ kerV-c ^ keiiJc-i ^ 1, 

[-1^1., -1-^2., c-l -T J 



where F = Li * L2 . Moreover 

[Ll , L2 ,c-2 -^]'^ _ 
J — 

for some i+j=c 



i— times j— times 



For c = 2, we show that ker^/^s = Lf ® Lf. Theorem |23] (jS]), g]) and 
Kunneth formula imply that 

7ro(kerV^2) = MLf ® Lf) ^ {Gi/N^Y'' ® {G2IN2T' = 0. 

Similarly 

7ri(ker ^2) = {Gi/N^Y'' ® M^^\G2/N2) 
©M«(Gi/Ari)® (G'2/iV2)"'' 
®Tor{{Gi/NiY\ {G2/N2Y'') = 0. 



Also 



7r2(kerV^2) = 712(1 f ® Lf) 

^ {Gi/NiY''®Hs{G2/N2) 
®{G2/N2Y^ ® HsiG^/N^) 
©M«(G'i/iVi)® (G'2/iV2)''' 
®MW(G2/N2)(S)iGi/NiY' 
®Tor{{Gi/NiY\ M^^\G2/N2)) 
®Tor{{G2/N2Y\M^^\Gi/N^Yl = 0. 
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For c > 2, we have 



7r2(Lf ® ... ® Lf ® ® ... ® ) 



i— times j— times 

^ n2{Lf ® Lf) ® 7ro(Lf ® ... ® Lf ® if ® ... ® ) 

V ^ V ^ 

{i—l)~times — times 



{i—l)— times (j—l)— times 

)7ro(Lf ® ) 7r2(Lf ® ... ® Lf ® Lf ® ... ® Lf ) 

^— V ^ ^— V ^ 

(j—l)— times times 

)Tor(7ro(Lf ® Lf ), 7ri(Lf ® ... ® Lf ® Lf ® ... ® Lf )) 

^— V ^ V ^ 

(i—l)— times (j — 1)— times 

^Tor{T^i{Lf ® Lf ),7ro(Lf ® ... ® Lf ® Lf ® ... ® Lf )) 



(j—l)— times (j — l)— times 



0. 



Thus 7r2(kerV^J = and by (gS]) we have 7ri(ker(^)) = 0. Hence M^^\Gi * 
G2, {Ni * N2)^'*^^) = M(^\Gi, Ni) © MW(G2, for all c > 1. □ 

Corollary 4.4. 

(i) Lei Gi and G2 he two finite groups with (IG"*^], ILT*^^!) = 1, then for 
all c> 1 

M^'\Gi * G2, {Ni * N2f'*^') = M^'\Gi,Ni) © M^'\G2,N2). 

(ii) Let Gi and G2 be two perfect groups such that M(^)(gi) © M(^)(g|) 
is trivial, then for all c> 1 

M^''\Gi * G2, {Ni * N2f'*^') = M^'\Gi, Ni) © M^''\G2, N2). 
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